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Abstract 

We show that for any unital C*-algebra A, a sufficiently large 
Hilbert space H and a unit vector ^ € i?, the natural application 

rep{A : H) — > Q{A), vr i— )• ('/r(— )^, ^) is a topological quotient, where 
rep{A : H) is the space of possibly degenerate representations on H 
and Q{A) the set of quasi-states, i.e. positive linear functionals with 
^ \ norm at most 1. This quotient allows to prove as a simple corollary 

^O ' Takesaki-Bichteler duality for arbitrary C*-algebras. We clarify some 

aspects about the relevant concept of field over the representations of 



'!;;j- , a C*-algebra A. Finally, we give a description of the multipliers of A 

o 



in terms of fields. 



1 Introduction 

^ \ The elements of a C*-algebra A can be thought as fields over the 

H I space of representations on a Hilbert space H. A field is a bounded map 

rep{A : H) — )■ B{H) satisfying a compatibility condition. An element a ^ A 
defines a(7r) := 7r(a). M. Takesaki [5] proved in 1967 that, for large enough 
H, the set of these fields form the universal von Neumann algebra of A 
and, in the separable case, that the elements of A can be characterized as 
those fields continuous with respect to the right topologies. This is Takesaki 
duality for C*-algebras. Two years later, K. Bichteler [1] generalized the 
duality for arbitrary C*-algebras^. Here we provide a stronger and simpler 



^See [4] for a brief survey on duality theorems for C*-algebras and a duality theorem 
where the dual object is the irreducible representation space. 
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statement: (theorem 2.4) for unital A, the apphcation rep{A : H) — y Q{A), 
0^{n) = {'n'{—)C,,0 is a topological quotient, where C, E H is a unit vec- 
tor. Takesaki-Bichteler duality follows immediately from this quotient (sec- 
tion 3, 3.11). The statement of our theorem 2.4 is simpler than Takesaki- 
Bichteler duality theorem because it predicates on more primitive objects. 
However, the proof is strictly harder since it involves essentially the argument 
by Bichteler and further work. 

In section 3 we give a detailed study of the concept of field. Subjec- 
tively, our definition 3.1 improves the definitions from [5] and [1]. Next we 
unfix the Hilbert space and consider the category rep{A) of nondegenerate 
representations of A. In pedantic but concise terms, a field is a bounded 
endomorphism of the forgetful functor rep{A) — )■ Ti, where "H is the category 
of Hilbert spaces. This point of view is usual in the context of group repre- 
sentation theory. Here it was useful to understand better why it suffices with 
cyclic representations to define fields (proposition 3.5). Finally, we give a de- 
scription of the different multiplier spaces LM{A), RM{A), M{A), QM{A) 
in terms of fields. 

1.1 Notation 

• A will denote a C*-algebra. 

• If X is a Banach space, X* denote its dual. 

• S{A) = {(/?€ A*/ip > 0, llv^ll = 1} the state space of A, with the weak-* 
topology. 

• Q{A) = {(/?€ A* /(f > 0, llv'll < 1}, the space of quasi-states, also with the 
weak-* topology. 

. For V? e A*, ip>0, (tv^.H^,^^) is the GNS triple. ||^^||2 = \\ip\\. 

2 Main theorem 

Let rep{A : H) be the set of possibly degenerate representations of A on 
H , this is the set of *-algebra morphisms A -^ B{H). Here if is a Hilbert 
space of an infinite dimension greater or equal than the dimension of every 
cyclic representation of A (these dimensions are bounded: for a representa- 
tion vr with cyclic vector C, consider the dense subspace {TT{a)^/a G A} and 
the fact that any dense subspace of a Hilbert space contains an orthonormal 
basis). 



The relevant topology on rep{A : H) is the pointwise convergence topol- 
ogy with respect to the wot, sot, cr-weak or a-strong topologies in B{H). 
Next lemma asserts that these topologies coincide. 

Lemma 2.1. Let n be a representation of A on a Hilbert space H and (ttj) 
a net of such representations. Convergence TTj{a) — ?■ 7r(a) for all a & A is 
equivalent for the wot, sot, a-weak and a-strong topologies on B{H). 

See [1] for the proof (page 90). In other words, the topology we consider 
on rep{A : H) is that inherited from the product topology on B{H)^, where 
the topology on B{H) can equivalently be the a-weak, a-strong, wot or sot. 
It is Hausdorff because it is a subspace of a product of Hausdorff spaces. 

For the proof of theorem 2.4 we need two geometrical lemmas. The first 
of them says that if two n-tuples of vectors in a Hilbert space have similar 
orthogonality relations (inner products between the vectors of each tuple) 
then, up to an isometry, the n-tuples are close in norm. For the proof see 
lemma 3.5.6 of Dixmier's book [2]. 

Lemma 2.2. Let Vi, ...,Vn E H , H a Hilbert space. For every e > there is 
a 6 > such that for every Wi,...,Wn G H with \{wi,Wj) — {vi,Vj)\ < 6 Wi,j 

there is a unitary operator H —> H such that \\U{wi) — Vi\\ < e Vz. 

Lemma 2.3. Let H be a Hilbert space and a, [i E H unit vectors. Then 
there is a unitary Ua-^p such that \\Ua^i3 — Id\\ = \\a — P\\. 

Proof. In case [i = ka for /c G C, then \k\ = 1 and f/^-^/^ '■= k.Id. Oth- 
erwise, we define Ua^p as the identity on [a]^ fl [(3]-^ = [a,/3]^. On the 
subspace [a, (3] we take an orthonormal basis {a, a'). Write /3 = ra + sa', 
and /?' := — sa + ra', obtaining an orthonormal basis (/3,/3'). Now define 
Ua-^l3\[a,i3] by a H-)- /3, a' H-)- /3'. For x & H, let \a + iia' be the projection of 
X to [a, [3]. We have: 

\\x — Ua^j3{x)\\^ = \\\a + /ia' — X(3 — /U/3'|p = 
= \\Xa + na' - \{ra + sa') - fi{-sa + ra')\\^ = ... = (|Ap + |;Up)||a - /3|p 
So \\x- Ua^^{x)\\ = ||a - /3||.|b[a,/3](a;)|| < ||tt - /3||.||x||. D 

Theorem 2.4. Let A be a unital C*-algebra and H a Hilbert space of di- 
mension d, greater or equal than the dimension of any cyclic representation 
of A, plus 1^ . Let ^ E H be a unit vector. Then, 



^Of course, the "+1" only has effect in the easy case d < oo. 



a) the application 

rep{A : H) % Q{A) 

is a quotient map. 

n 

b) The restriction rep^{A : H) — > S{A) is a quotient, where 



rep^{A ■.H) = {7re rep{A : H)/^ G 7r{l)H}. (Recall 7r{l)H = tt{A)H). 

Proof. 

a) Continuity is trivial. Each 99 G Q{A) has many preimages. To produce 
a preimage of ipo we must embed a GNS representation of ipo in H in such 
a way that the orthogonal projection of ^ to the essential space is the cyclic 
vector of the GNS. To achieve this, take a unit vector rj orthogonal to ^, 
define ,^0 = ||'/'o||'C+ (llv'oll - Hv^olH^r/. This ,^0 satisfies ||^o|P = llv'oll and 
^ — C,o -L ^Q. By hypothesis, it is possible to embed H^^^ into [C, — ^o]"*" taking 
^•fio to '^0 (notice that, in the case d infinite, it is possible to embed H^^ in 
a way such that its codimension is also d). Define ttq G rep{A : H) as ir^^ 
through the isometry H^^^ ■— )■ H, being on the orthogonal to the image of 
H^g. We have %(7ro) = (fo- 

In case d is finite, rep{A : H) is compact, so 6^ is closed and there- 
fore a quotient. To see compactness of rep{A : H), consider the map 
rep{A : H) -^ B^\ tt t-). (a l-^■ 7r(a)), where Bi C B{H) and Ai C A are 
the respective unit balls. B^^ has the product topology of the norm topol- 
ogy in Bi, it is a compact space. The map is a topological subspace and the 
image is closed.^ 

For infinite d, we divide in four parts the proof that Q{A) has the quotient 
topology. 

Part 1: 

Take D C Q{A) such that 9^^{D) is open. We must see that D is open 
to conlude that 6^ is a quotient. Let ipo E D. Take a preimage ttq of (fo as 
before, such that '7io{l)H = 71q{A)^q has codimension d. Now take a basic 
open neighborhood V of ttq contained in 67^ [D): 

V = {-K E rep{A : H)/\\TT{cj)ai — 7ro(cj)aj|| < e Vz = 1, ...,m; j = 1, ...,n} 



■^In the infinite dimensional case, taking the wot on Bi, the image apparently fails to 
be closed. 



We shall find an open neighborhood of ipo {W below) such that every 
element y? in that neighborhood is the image of an element tt ^ V. This 
would finish the proof. 

Part 2: We decompose Oj = /^j + 7^ where Pi e tto{1)H, 7j e {7ro{l)H)^. 
To obtain tt E V we will satisfy ||-7r(cj)/3j — vro(cj)/3j|| arbitrarily small, and 
the same for 7j. 

To obtain \\7i{cj)(3i — 7ro(cj)/3j|| arbitrarily small, we can approximate Pi 
with 7ro{bi)^o, so it will suffice with ||vr(cj)7ro(6j)^o — 7ro(cj)7ro(6j)^o|| arbitrarily 
small. 

Now take the following open neighborhood of (fo 

W = We Q{A)/\{ip - ^o){blc*c,bi)\ < 5 Vz = 0, ..., m;j = 0, ..., n} 

where Bq = cq = 1. Thus, for ip G W, the orthogonality relations of the 
set {vr<p(cj)7r<p(6j)^^}, = o m are similar to those of {7ro(cj)7ro(6j)^o}».= o....,m- 
Hence, there is an isometric embedding H^ M- H such that the images of 
n^p{cjbi)^ip are close in norm to vro(cj6i)^o (first choose any isometric embed- 
ding and then use lemma 2.2). Let us call vr' G rep{A : H) the representation 
TT^ through the embedding, being on the orthogonal complement of the 
image of H^; let ^' be the image of ^.^p- We have: 

\\7r'{cj)7ro{bi)^o - vro(cj)7ro(6i)^o|| < 

< \\n'{cj)7ro{bi)^o - 7r'(cj)vr'(6i)^'|| + Wn'^Cjbi)^' - 'iio{cjbi)^o\\ < 

< max||9||.||7ro(6i)^o - 7r'(6i)^'|| + \\7i' (cjbi)^' - 7io{cjbi)^o\\ < e 
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So far we achieved "||7r(cj)/3i — -7ro(cj)/3j|| arbitrarily small". Notice that 
Tx' (on its essential space) is a GNS for (p but it is not necessarily true that 
0^{it') = ^p- We will correct this in part 3. 

To obtain "||7r(cj)7j — 7ro(Cj)7j|| arbitrarily small", we can simply embed 
H^ --^ H' C H in the previous procedure, where H' = if n[7i]"'", so the result- 
ing vr' has essential space orthogonal to every 7^, and 7r'(cj)7j — vro(cj)7j = 
(j = 1, ..., n). Actually, for the next part, we will also need .^— .^o -L 7r'(l)if , so 
instead of H' we embed H^ inside H" = H' n [C.—C.o]'^ for previous procedure 
(this is possible because 7ro(l)i/ C H"). 

Part 3: 

We will rotate vr' slightly to a representation vr so that %(vr) = (p. First 
we need a unit vector 77 close to ^ such that 77 — ^' ± vr'(l)if . 



In case ^ = ^q, since $,' is close to ^o and ||^'|| < ||^|| = 1, we can take 
a small v & H orthogonal to ti'{A)H such that ||^' + f || = 1, and define 
7] := ^' + V. 

In case ^ ^ ^q, we take rj = X{C, — ^o) + ^'. To determine A: 

ii^ir = iAr-iie-eoir+iie'ir = \x\'.{i-\m')+\m = lA^.a-ii^oiD+ii^ii 

so we choose A = j^^,| || to obtain ||?7|| = 1. Since v^(l) is close to v^o(l)) -^ is 
close to 1 and therefore rj is close to C, (i.e.: rj is arbitrarily close to ^ as long 
as 6 is sufficiently small). 

Now, having r] we just apply U := Ur,^^ G U{H) (lemma 2.3), and 
take 7r(— ) := [/^V(— )f/. Since ||f/ — /(i|| = \\rj — ^\\, we still have 
"||7r(cj)aj — 7ro(Cj)aj|| arbitrarily small", so tt G F and %(vr) = ip. 

b) Clearly we have the restriction rep^{A : H) — y S{A). Furthermore 
e^\S{A)) = rep^{A : H). Let D C S{A) be a set such that 9^^{D) is open 
in repi^{A : H), so 97^{D) = U H rep^{A : H) with U open in rep{A : H). 
Let ipo G D. We take a preimage ttq as before. We already know that 0^{U) 
contains an open neighborhood W 3 ipo, W open in Q{A). Now it is easy to 
check: 

W n S{A) C %(f/ n rep^{A : H)) d D 

Thus, D is open in S{A). D 

We leave open the question of whether rep{A : H) — y Q{A) is a quotient 
for nonunital C*-algebras. 



3 Fields 

Here we review the concept of field used in Takesaki-Bichteler duality. 
We provide a more elegant definition than those from [5] and [1], and also 
consider a definition without fixing a Hilbert space. We explain why all these 
definitions are equivalent, thus clarifying some aspects. 

Definition 3.1. A field over rep{A : H) is a map rep{A : H) — > B{H) that 
satisfies: 

0) T(0) = 

1) {||T(7r)||}^e^ep(^;^) is hounded. 

2) For an intertwiner H ^ H between vti and 1x2 (Siii{a) = 'JT2{a)S Va G A), 
it holds ST{tti) = T{'K2)S . In other words: T is compatible with intertwiners. 



Clearly, every a ^ A induces a field. 

Proposition 3.2. The following condition is equivalent to item 2 in previous 

definition. 

2') T is compatible with intertwiners that are partial isometrics. 

Proof. 2) =^ 2') is trivial, let's prove the converse. Assume that T is com- 
patible with intertwiners that are partial isometries and take an arbitrary 
intertwiner vti — )■ 7r2, S* G B{H). The operator S has a polar decomposition 

S = UP, where P = {S*S)^ and U maps {S*S)2y to Sy and the orthogonal 

s* 
complement to 0. Since S is an intertwiner, 112 — y vri is an intertwiner and 

p u 

also are vri — > tti and vti — > 7r2. T is compatible with U by hypothesis. 

It only remains to prove that T is compatible with any positive intertwiner 

P of a representation tti with itself. Taking r > small enough, rP has its 

spectrum inside [0, 27r). e*''^ is a unitary equivalence, so it is compatible with 

T (i.e. it commutes with T(7ri)). But rP is the logarithm of e*''^, so rP also 

commutes with T(7ri). 

n 

Proposition 3.3. Let n G rep{A : H), p„ the orthogonal projection to the 
essential space of tt and T a field over rep{A : H). Then T{7t) = j»^T(7r)p^. 



Proof. Let p^± = 1 —pj,, the orthogonal projection to Tr{A)H . It defines an 

p ± 
intertwiner vr -^ 0, so we have {1—Pj,)T{'jt) = T{0)p^± = 0, r(7r) = p^r(7r). 

Besides, p,r is an endomorphism of vr, so Pt,T{tx) = T{Ti)p.„. D 

3.1 Fields over representations as a category 

Let rep{A) be the category of nondegenerate representations of A with 
bounded intertwiners as arrows, and cyc{A) the full subcategory of cyclic 
representations. The zero representation on {0} is nondegenerate and cyclic. 

Definition 3.4. For a C* -algebra A, we call 'field over rep{A)" a function 
T assigning to each tt G rep{A), A — ?■ B{Ht^), an element T^-k) G B{Ht^) in a 
bounded and coherent with morphisms way. Explicitly: sup\\T{Tx)\\ < 00, and 

n 

if Ht^^ — 7- Ht^,^ is an intertwiner (S'Ki{a) = 7r2{a)S) then ST{7ri) = T{'K2)S . In 
other words, 'fields over rep{A) " are bounded endomorphisms of the forgetful 
functor rep{A) — )■ Ti, where "H is the category of Hilbert spaces. 



Proposition 3.5. The set of fields over rep{A) is equal to the set of fields 
over cyc{A). 

Of course, the definition of field over cyc{A) is analogous to 3.4. 

Proof. Clearly, a field over rep{A) can be restricted to a field over cyc{A). 
Now let T be a field over cyc{A), and {n,H) G rep{A). n can be expressed 
as a direct sum of cyclic representations, so we define T(7r) as the direct sum 
of the operators associated to these subrepresentations. This definition is 
correct because of the following. Assume we have two decompositions into 
cyclic subrepresentations: H = 0Aj = 0-Bj. Consider Pi and Qj the 
orthogonal projections to the subspaces Ai and Bj. We have the following 

morphisms of cyclic representations, Bj ;■ Ai. Compatibility of T says 

T{Ai)Pi\B^ = Pi\BjT{Bj) (we abuse harmlessly identifying the subspace with 
the subrepresentation) . 

J2nA)p^ = {Y.T{A,)p,){Y^Q,) = j2T{A)mj = 

i i j i,j 

= J2PiTiB,)Q, = iJ2mY.T{B,)Q,) = Y.T{B,)Q, 

i,j i j j 

The sums converge strongly [sot in B{H)). It is valid to interchange the 
order of summation because composition of operators is jointly continuous for 
the strong operator topology when restricted to bounded sets. This proves 
that T is well defined. 

The extended field is clearly bounded. To see compatibility, take a mor- 
phism between tti and 7r2, Hi — )■ if 2, and any vector a G Hi. Now take 
decompositions of these representations as sum of cyclic subrepresentations, 
containing the cyclic representations generated by a and S{a) respectively. 
S restricts to an intertwiner between these cyclic representations. Because of 
the original compatibility in cyc{A), we have ST{'jTi){a) = T{7i2)S{a). D 

Proposition 3.6. There is a natural bijection between fields overrep{A) and 
fields over rep{A : H) for H a Hilbert space with dimension greater or equal 
than the dimension of every cyclic representation of A. 

Proof. Let repQ{A) be the category of possibly degenerate representations of 
A. Observe that a field over rep{A) is equivalent to a field over repQ{A) that 
vanishes on the zero representation on nontrivial Hilbert spaces. Let T be a 
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field over repQ{A) vanishing on the zero representation. We define the field 
T' over rep{A : H) as T'{tt) = T{tt). It clearly satisfies conditions (0), (1) 
and (2). Now take T' a field over rep{A : H). We will define a field T over 

cyc{A). Let tt G cyc{A) and H.,^ "^ if an isometry. We have a representation 
tt' e rep{A : if) that acts like vr on i{HT^) and acts by on the complement. 
By proposition 3.3 the range of T'{tt') is contained in i{HT^), so we can define 
T(7r) as T'(7r') through the isometry i. For an intertwiner between cyclic 

representations H^^^ — )■ if^j we embed both Hilbert spaces on H through ii 

s" 1 

and 12 and define H — )■ H as i2'S'i]~ 5* on ii{H.^-^^) and on the complement. 

Compatibility of T with S follows from compatibility of T' with S'. D 

With the operations defined pointwise and the norm | |T| | = sup,^ | |T(7r) 1 1 , 
the set of fields is a C*-algebra. Actually, they form the universal von Neu- 
mann algebra of A (see [5] theorem 3, [1] proposition in page 95, [6] propo- 
sition 4.7). Recall that the universal von Neumann algebra of a C*-algebra 
A can also be constructed as the bicommutant of the universal representa- 
tion ©^,g5(^) TT^ or as the bidual A** with the natural involution and Arens 
multiplication. 

The definition of "field" by Takesaki can be summarized as follows: it is 
a bounded map rep{A : H) — )■ B{H) with the property T(7r) = p^T(7r)p^ 
(see proposition 3.3) that preserves unitary equivalences and finite direct 
sums (for direct sums it is necessary to consider a unitary H (B H -v^ H). 
Our defintion is stronger because we have compatibility with arbitrary inter- 
twiners and 3.3. The converse can be done through proposition 3.2: a field 
compatible with direct sums and unitary equivalences will be compatible 
with intertwiners that are partial isometries. We prefer not to write down 
the details. Actually, it is technically unnecessary, since we already know 
that all definitions lead to the enveloping von Neumann algebra of A. 

Remark 3.7. The enveloping von Neumann algebra is a functor C* — y W*, 
where C* denotes the category of C*-algebras with *-algebra morphisms and 
W* the category of P^*-algebras with normal morphisms. The functor W* is 
left adjoint to the forgetful functor W* — ?■ C* . This is the universal property 
of W* . If we replace C* by Qr, the category of topological groups with 
continuous group homomorphisms, we have a functor Qr — > Wj^ that is left 

adjoint to the unitary group functor W^ — )■ Qr (here Wj* is the category of 
Vr*-algebras with unital normal morphisms). It is the universal py*-algebra 
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of topological groups. In particular this extends Ernest's "big group algebra" 
construction [3] to arbitrary topological groups. See [6] (corollary 6.13) for 
more details. 

3.2 Takesaki-Bichteler duality 

This duality asserts that a C*-algebra can be recovered as the set of con- 
tinuous fields rep{A : H) — )■ B{H), where the topology on B{H) might be the 
(T-weak, cr-strong, wot or sot. Elements in A clearly induce continuous fields 
for all these topologies on B{H). Since wot is the weakest among these, 
we have that sot-continuous, a-weak-continuous and a-strong-continuous 
fields are wot-continuous. Hence, it will suffice to prove that wot-continuous 
fields are elements of A. We denote the set of wot-continuous fields by 
Co{rep{A : H)). The subindex emphasize that they annihilate on the 
zero representation. 

In order to deduce the duality theorem from theorem 2.4, we need the 
following lemma taken from Bichteler's article ([1], first lemma, parts (iii) 
and (iv)). 

Recall that any Banach space V can be recovered from the bidual as those 
elements V* -^ C that are continuous for the w*-topology. This lemma in 
particular says that for a C*-algebra A it suffices with continuity on Q{A) 
instead of all A*. 

Definition 3.8. Let ANq[Q{A)) be the set of affine bounded C-valued func- 
tions on Q{A) taking the value at 0. It is a normed space for the supre- 
mum norm. ACq{Q{A)) will be the subspace of ANq{Q{A)) of continuous 
functions. 

Lemma 3.9. There is a Banach space isomorphism A** — )■ ANq{Q{A)) that 
restricts to a bisection A — )■ ACq{Q{A)). 

For the proof see [1] first lemma or [6] (lemma 5.2) for a more thorough 
proof (also simpler for the second part). 

Remark 3.10. Taking S{A) instead of Q{A) we have: A** ~ AN{S{A)) 
and, for unital A, A ^ AC{S{A)) (where AN{S{A)) is the space of affine 
bounded C-valued functions on S{A) and AC{S{A)) the subspace of contin- 
uous functions). 
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Proof. It is straightforward to check that ANo{Q{A)) = AN{S{A)). To 
obtain ACq{Q{A)) = AC{S{A)) for unital A, we must prove that continuity 
on S{A) imphes continuity on Q{A). So take / e ANq{Q{A)) continuous on 
S{A) and (p^ ^ ip in Q{A). Evaluating at 1, we have \\(p^\\ — >■ ||</?||. If (/? = 
we have \f{(p^,)\ = ||^^||.|/(^)| < ||<^^||.||/||oo ^ for those ft such that 
iPf,^0 and fi^Pf,) = if v?M = 0; so fi^Pfj.) -^ 0. li ip ^ 0, for large enough /x 
we have (p^ j^ and 






D 



Theorem 3.11 (Takesaki-Bichteler duality). Every C*-algebra A is isomor- 
phic to the set of continuous fields Co{rep{A : H)), where H is a Hilbert 
space whose dimension is greater or equal to the dimension of any cyclic 
representation of A. 

Proof. We already know that an element of A defines a continuous field. Now 
take a wot-continuous field T, and assume 1 G A. Since fields form the uni- 
versal Vr*-algebra of A, by lemma 3.9 we have an element /r G ANo(Q(A)) 
corresponding to T. According to the bijection between the set of fields and 
the bidual, we have (T(7r)e,e) = /r((vr(-)e,e)), Vvr G rep(A : H), ^ e H 
unit vector. In other words, the following diagram commutes: 

rep{A : H) ^^ Q{A) 

T \fT 

Since 9^ is a quotient (theorem 2.4), fx is continuous, so, by lemma 3.9 
it is an element of A. 

As it was done historically in [5] and [1], we deduce the nonunital case 
from the unital case. Assume 1 ^ A and consider the minimal unitization 
A "^ A. Let T be a wot-continuous field on rep{A : H). T defines a 
wot-continuous field T over rep{A : H), simply restricting representations of 
A to A. So T = (a. A) G A. But T{p) = 0, where p is the trivial representa- 
tion obtained hj A-^^/ac^C ^-^ B{H). 

= f{p) =p((a,A)) =X.Id 
11 



Thus A = and T e A. D 

Remark 3.12. For unital A, a field over rep{A : H) only needs to be con- 
tinuous on rep^{A : H) to be an element of A. This is because of part (b) of 
theorem 2.4 and remark 3.10. 

3.3 Multipliers in terms of fields 

In this context, the identity M{Co{X)) = Cb{X) for commutative 
C*-algebras Co{X) motivates the idea of trying to express the multiplier 
algebra of A as certain continuous fields. The point at infinity corresponds 
to the zero representation. So the multipliers should be fields that are con- 
tinuous except maybe at the representation. We would like to use a def- 
inition of continuity for fields over rep{A) (directly avoiding nondegenerate 
representations) to obtain M{A) = ^^Cb{rep{A)y\ but it is not clear whether 
this is possible. We will use instead the following notion: a field T will be 
"nondegenerately continuous" if for every convergent net of representations 
TTj — )• TT, T^Tij) converges to T{7i) on the nondegenerate part of tt, 7i{A)H. 
More precisely: 

Definition 3.13. A field T over rep{A : H) is called: 

• s -nondegenerately continuous if for every convergent net ttj — > vr m 
rep{A : H) and a G tt{A)H we have T{7rj)a — )■ T(7r)a. 

• as -nondegenerately continuous if for every convergent net ttj -^ tt in 
rep{A : H) and a G 7i{A)H we have T{'Kj)*a — )■ T(7r)*a ("as'' stands for 

"antistrong"). 

• s* -nondegenerately continuous if it is both s and as -nondegenerately con- 
tinuous. 

• w -nondegenerately continuous if for every convergent net iij -^ n in 
rep{A : H) and a,^ e 7r{A)H we have (T(7rj)a,/3) -^ (T(7r)a,/3). 

We denote with C'{rep{A : H)), C'irepiA : H)), C''{rep{A : H)) and 
C^{rep{A : H)) the respective sets of nondegenerately continuous fields. 

Remark 3.14. These notions of continuity cannot apparently be expressed 
as continuity of certain maps between topological spaces. However, we can 
describe them as continuity of certain maps at certain points. For example, 
a field T over rep{A : H) is s*-nondegenerately continuous if and only if for 
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every it G rep{A : H) and a G 7r(A)iJ, the maps 

rep{A : if) — > H 

it' I — y T{'K')a 
Tx' I — y T{Tx')*a 
are continuous at tt. Thus, they are genuine continuity notions. 

Recall the following descriptions of left multipliers, right multipliers, mul- 
tipliers and quasi-multipliers of a C*-algebra A: 
LM{A) = {T e W*Ia)/ TaeA\/aeA} 
RM{A) = {T e W*{A)/ aT eAWaeA} 
M{A) = {T E W*{A)/ TaeAAaTeA\/aEA} 
QM{A) = {T G W*{A)/ aTb eAWa,beA} 

Applying Takesaki-Bichteler duality it is easy to prove the following the- 
orem. 

Theorem 3.15. 

1) C'{rep{A : H)) = LM{A) 

2) C^'irepiA : H)) = RM{A) 

3) C'*\rep\A : H)) = M{A) 

4) ^"{repiA ■.H)) = QM{A) 

Proof. 1) Take T G LM{A). We must see that T is s-nondegenerately contin- 
uous. If TTj — )■ 7r is a convergent net in rep{A : H), and w = n{a)v G n{A)H, 

||(T(7r,)-T(7r)V||< 

< ||(T(7rj)7r(a)?; — T{nj)nj{a)v\\ + \\T{'iij)'JTj{a)v — T(7r)7r(a)t;|| < 
||r||e'+ \\iTa{7Tj) -Ta{'K))v\\ <e 



In the last line we used Ta G A. Elements 7r(a)f generate 7r{A)H, 
therefore we can reach ||(T(7rj) — T(7r))u'|| < e for any w G 7r{A)H, i.e. 
T G C'{rep{A : H)). 

For the reverse inclusion, the proof is very similar: take 
T G C'^{rep{A : H)), and a E A. Let us see that Ta G Co{rep{A : H)), which 
is equal to A by 3.11. Let ttj — )■ tt be a convergent net of representations. 

||(ra(vr)-Ta(7r,))t;|| = ||(r(7r)vr(a) - T(7r,)vr,(a)>;|| < 
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< ||(r(7r)7r(a) - T {11^)71 (a)) v\\ + ||r(7r,)(7r(a) - iTj{a))v\\ < 

€1 + ||T||e2 < e 

where the first term is small thanks to the continuity hypothesis for T and 
the second because ttj — t- it. This shows Ta G A, or T G LM{A). 

2) follows from LM{Ay = RM{A), C'{rep{A : H))* = ^'{rep^A : H)) 
and 1). 

3) follows from 1), 2) and 

M{A) = LM{A) n RM{A) 
C''{rep{A : H)) = C'{rep{A : H))nr'{rep{A : H)) 

4) The idea from 1) applies. Start with a T G QM{A) and consider ttj — j- it, 
-7r(a)f , 7r{b)w. w-nondegenerately continuity of T follows from next compu- 
tation. 

\{T{nj)7i{a)v,7i{b)w) — {T{7r)n{a)v,n{b)w)\ < 

\{T{7ij)7i{a)v,7i{b)w) - {T{TTj)7ij{a)v,7i{b)w)\ + 

+ \{T{'^j)7^j{a)v,7i{b)w) - {T{7rj)7Tj{a)v,7ij{b)w)\ + 

+ \{b*Ta{nj)v,w) - {b*Ta{n)v,w)\ < 

I I n~' II I 1 7 I I I I II I II n~' I I I I I I I I II I 

\\I ||.ei.||0||.||w|| + \\I ||.||a||.||t'||.e2 + 63 



And similarly, if T G C'^{rep{A : H)), we get aTb G A, for every a,b E A. 

D 
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